Abstract. The q-Heun operator of the big q-Jacobi type on the exponential grid is defined. This operator is the most general second order q-difference operator that maps polynomials of degree n to polynomials of degree n + 1. It is tridiagonal in bases made out of either q-Pochhammer or big q-Jacobi polynomials and is bilinear in the operators of the q-Hahn algebra. The extension of this algebra that includes the q-Heun operator as generator is described. Biorthogonal Pastro polynomials are shown to satisfy a generalized eigenvalue problem or equivalently to be in the kernel of a special linear pencil made out of two q-Heun operators. The special case of the q-Heun operator associated to the little q-Jacobi polynomials is also treated.
Introduction
The purpose of this paper is to introduce and characterize a q-difference analog of the Heun operator which we will call the q-Heun operator of the q-Jacobi type. In its general form, this operator will be shown to be related to the big q-Jacobi polynomials; the special case connected to the little q-Jacobi polynomials will also be distinguished.
This paper is the second of a series of articles dedicated to the study of the Heun-like equations that can be associated to the polynomials of the Askey scheme. The roots of this undertaking lie in the notion of algebraic Heun operator introduced in [7] . This operator which can be constructed in any bispectral context basically consists in the generic bilinear combination of the two operators providing the dual eigenvalue equations. Since all polynomials of the Askey scheme are bispectral, an algebraic Heun operator can be built for each family of the tableaux. The general name for these operators is motivated by the fact that the approach yields the standard Heun equation when applied to the Jacobi polynomials.
The difference analog of the standard Heun operator on the uniform linear lattice was obtained in [19] . We shall follow here a similar approach to deal with the exponential grid and to obtain the q-analog of the Heun-Hahn operator presented therein. The main idea is first to find the most general operator defined on the given lattice that replicates on that space the property that the standard Heun operator has of mapping the polynomials of degree n into polynomials of degree n + 1. Second, one determines the corresponding algebraic Heun operator to find that the two approaches essentially give the same result. The bilinear construct is then easily seen to imply that the Heun operator in question acts tridiagonally on natural polynomial bases.
Examples of q-analogs of the Heun operators have recently been considered by Takemura in [16] where he introduces several types of such operators from degenerations of Ruijsenaars-Van Diejen operators [2] , [15] . In fact, one of those operators had already been introduced by Hahn [8] . The analysis that we offer in the present paper relates to two of these operators and provides an enlightening framework to understand their properties.
The definition of the algebraic Heun operator is intimately connected to a procedure referred to as tridiagonalization [9] , [10] , [3] which has been used to develop a bottom-up theoretical description of orthogonal polynomials where families with higher number of parameters are constructed and characterized from those with a lesser number of parameters. It is well known that the bispectral properties of the polynomials of the Askey scheme can be encoded in algebras of quadratic type that are referred to as the Racah and Askey-Wilson algebras in the case of the polynomials at the top of the hierarchies [20] , [5] . The algebras associated to the other families are similarly identified by the names of the corresponding polynomials. Algebraically, the effect of tridiagonalization is hence to embed the more complicated algebras into the simpler ones.
It should be stressed that the most general tridiagonalization that leads to the algebraic Heun operator transcends of course the framework of orthogonal polynomials. In a recent study [1] , we have shown for instance that the little q-Jacobi operator and a special tridiagonalization of it realizes the equitable presentation of the Askey-Wilson algebra. We shall supplement this by identifying the extension that results when the Heun operator is taken instead as one of the generators.
It will also be observed that certain biorthogonal polynomials arise as solutions of the generalized eigenvalue problems associated to Heun-q-Jacobi difference operator.
The outline of the paper is as follows. In section 2 we construct the Heun operators on the exponential grid as second order q-difference operators that map polynomials of degree n into polynomials of degree n + 1. The operator stemming from the most general situation will be referred to as the big q-Heun operator. A special case that yields what we will call the little q-Heun operator will also be discussed. These two operators will be seen to coincide (up to trivial similarity and affine transformations) with two of the q-Heun operators introduced in [16] .
The q-Hahn algebra encoding the bispectrality of the q-Hahn polynomials will be exhibited in Section 3 as a special case of the Askey-Wilson algebra and seen to be realized by the q-difference and recurrence operators of the polynomials it is bearing the name.
The construction of the algebraic Heun operator corresponding the bispectral situation depicted by the q-Hahn algebra is carried out in Section 4 and the operator obtained in this way, will be identified with the big q-Heun operator. In the special case where one parameter is set to zero and tridiagonalization proceeds with the little q-Jacobi operator, the algebraic approach will yield expectedly the little q-Heun operator. With these observations made, it will be shown that the big q-Heun operator acts tridiagonally on big q-Jacobi and q-Pochhammer polynomials.
The q-Heun algebra that results when the big q-Heun operator is combined with the q-Hahn difference operator is the focus of Section 5. Upon examining the reduction of this algebra to the q-Racah one, an Askey-Wilson triple will be naturally obtained.
It will be shown in Section 6 that the Pastro biorthogonal polynomials are in the kernel of a linear pencil made out of special q-Heun operators. Concluding remarks, in Section 7, will end the paper.
Construction of the big q-Heun operator on the exponential grid
We will deal with second-order q-difference operators of the type
where
are q-shift operators. In general, such operators act on infinite-dimensional spaces. Finitedimensional restrictions are however possible and in those cases one can say that the operator W acts on a finite q-exponential grid.
To have a parallel with the ordinary Heun operator and the Heun-Hahn operator introduced in [19] , we would like to find the operator W of form (2.1) such that:
(i) W is the most general second order q-difference operator which sends any polynomial of degree n to a polynomial of degree n + 1.
In what follows we shall show that property (i) is equivalent to : (ii) W is the most general second order differential operator which is tridiagonal with respect to the q-Pochhammer basis ϕ n (x) = (q −x ; q) n , n = 0, 1, 2, . . . ,, where
Let us start with the construction of the q-difference Heun operator meeting property (i). Assume that W is generically given by (2.1). Our first task is to determine the coefficients A i (x), i = 0, 1, 2. To do this we can act with W successively on the first three monomials 1, x, x 2 . Operating on the constant yields:
According to property (i), we find from (2.4) that
where π 1 (x) is a polynomial of first degree. Applying the operator W to the function x, we obtain similarly that
with some polynomial π 2 (x) of second degree. Taking into account (2.5) we get
with deg(π 2 (x)) ≤ 2. Applying now W to the monomial x 2 , we see that the property (i) imposes:
with deg(π 3 (x)) ≤ 3. It follows from these results that A 0 (x), A 1 (x), A 2 (x) have the following general expressions
It is then easily verified that property (i) holds for any n = 3, 4, . . . . Indeed, the application of the operator W to the monomial x n yields
It is clear from this expression that the rhs of (2.10) is a polynomial of degree not exceeding n + 1. Hence expressions (2.9) defines the most general second-order operators W with the property (i).
We will refer the operator W thus obtained as the big q-Heun operator (the explanation of this name will be given in Section 4).
There is an interesting special case that occurs when p 3 (0) = 0, i.e. when p 3 (x) = xr 2 (x) with some polynomial r 2 (x) of second degree. In this case the coefficients A 1 (x), A 2 (x) simplify to
It is seen that
with s k some second degree polynomials. These polynomials are arbitrary apart from the only condition that
In this special case, we shall call W the little q-Heun operator.
We can now relate our results with those presented by Takemura in [16] where he identified several q-Heun operators arising as degenerations of Ruijsenaars-van Diejen operators (see [2] , [15] ). The third q-Heun operator presented in [16] is 14) and the fourth q-Heun operator A ⟨4⟩ given in [16] reads
In these formulas h i , l i , t i , α i , β are parameters. It is the operator A ⟨4⟩ that is the object of special attention in [16] as a q-generalization of the Heun operator.
As a matter of fact, an operator equivalent to A ⟨4⟩ was first introduced by Hahn [8] ; this q-Heun operator of Hahn can be presented in the form
where s 0 (x), s 1 (x), s 2 (x) are arbitrary quadratic polynomials. It is easily seen that indeed the operator (2.16) coincide with the operator A ⟨4⟩ . On the other hand, our little q-Heun operator corresponding to the special case (2.12), has the same expression (2.16) but with the additional restriction (2.13). We can eliminate this restriction using the similarity transformationW
with some constant γ. Indeed, condition (2.13) means that the sum of the leading coefficients in x 2 of the polynomials s 0 (x), s 1 (x), s 2 (x) vanishes. It is clear that this condition can always be enforced by an appropriate choice of the parameter γ in (2.17). This indicates that condition (2.13) is not an essential restriction and that we have indeed arrived at the most general q-Heun operators defined in [8] and [16] .
A similar transformation can be used to obtain the q-Heun operator A ⟨3⟩ . In the latter case, one should allow for scaling of the argumentx → εx (2.18) and the following "affine" transformations of the Heun operator
with an arbitrary function θ(x) and arbitrary constants α, β. Operators related by such transformations are deemed equivalent. Indeed, the eigenvalue problem for the Heun operators is
and it is clear that multiplication of W by any function θ(x) does not modify the equation (2.20) . The term (αx + β)I will change only the linear function p 1 (x) in (2.9) and is hence not essential. The identification of our little q-Heun operator with A ⟨4⟩ can then be made under this natural equivalence relation. We thus have: Proposition 1. Up to similarity, scaling and affine transformations (2.17), (2.18), (2.19), the little q-Heun operator is equivalent to the operator A ⟨4⟩ while the big q-Heun operator is equivalent to the operator A ⟨3⟩ .
The q-Hahn algebra
The Askey-Wilson (AW) algebra [20] , [5] consists of 3 generators K 1 , K 2 , K 3 with the commutation relations
where I is the identity operator and r, ξ i are structure parameters of the algebra. The Askey-Wilson algebra naturally describes the eigenvalue problems of the Askey-Wilson (q-Racah in the finitedimensional case) polynomials and arises in various physical and mathematical contexts where these polynomials appear (see [20] , [5] , [17] for more details). The parameter r in front of the cubic terms K 2 K 1 K 2 and K 1 K 2 K 1 accounts for the q-deformation of the classical orthogonal polynomials. The parameter q is defined as
If q = 1, the cubic terms disappear in (3.1) and we obtain the Racah algebra [5] which describes Racah (Wilson) polynomials.
The q-Hahn algebra [20] is a specialization of the Racah algebra when one of the parameters ξ 1 or ξ 2 becomes zero. Taking for example ξ 2 = 0, we obtain the relations
3)
The q-Hahn algebra describes the eigenvalue problems of the big q-Jacobi polynomials (q-Hahn polynomials for the finite-dimensional case). There is a "canonical" realization of the q-Hahn algebra in terms of q-difference operators. Indeed, let us introduce the operator X which is the multiplication by x:
and the operator Y which is the q-difference operator associated to the big q-Jacobi polynomials
where T ± have the same meaning as in (2.2) and where the coefficients are [11] :
Here a, b, c are the parameters of the big q-Jacobi polynomials P n (x; a, b, c). The latter are eigenfunctions of the operator
with eigenvalues
It is directly verified that the operators X and Y (together with their commutator
satisfy the q-Hahn algebra (3.3) with
The q-Hahn algebra encompasses a duality property. This means that in the basis of the big q-Jacobi polynomials, the operator Y becomes diagonal (3.6) while the operator X becomes tridiagonal:
where the recurrence coefficients b n , u n are given in [11] . We will not use their explicit expression in this paper.
The algebraic q-Heun operator of the big q-Jacobi type
In [7] another approach to construct the Heun operator was proposed. This is based on the notion of algebraic q-Heun operator defined as the generic bilinear combination of the generators X, Y of the algebra associated to the relevant bispectral problem, namely
(4.1) (We are using generically the same symbol W as before for the q-Heun operator. We shall in fact see that they coincide.) Note that operators of such type were considered by Nomura and Terwilliger [13] in the finite-dimensional context of the Leonard pairs as the most general operators which are tridiagonal with respect to dual bases (that diagonalize either operator X or Y ). The operators W are called algebraic Heun operators because in the special case of the Jacobi algebra (where Y is the Gauss differential hypergeometric operator) the operator W coincides with the ordinary Heun operator (see [6] for details). In [19] it was shown that the Heun-Hahn operator is equivalent to the algebraic Heun operator with X, Y belonging to the Hahn quadratic algebra. It is therefore natural to expect that the big (and little) q-Heun operators will coincide with the algebraic Heun operator (4.1) when X, Y are the generators of the q-Hahn algebra.
Using the expression (3.4) for the operator Y , we have for the algebraic Heun operator of the big q-Jacobi type
Comparison of (4.3)-(4.5) with (2.9) shows that these expressions have the same structure. Using the scaling transformation x → δx of the argument, it is possible to put one of the roots of the polynomial p 3 (x) equal to 1. It can be checked that the coefficients A 0 (x), A 1 (x), A 2 (x) in (4.2) are the same as in (2.1). This means that the polynomials p 3 (x), p 2 (x), p 1 (x) in (2.9) can be expressed in terms of the parameters τ i , i = 0, 1, . . . , 4 and a, b, c and vice versa. We thus established the following new characterization property:
(iii) the big q-Heun operator (4.2) is the second-order q-difference operator given by the bilinear Ansatz (4.1) for X and Y the generators of the q-Hahn (or big q-Jacobi) algebra.
If c = 0, the coefficients A i (x) become the same as (2.11). In this case the operator Y is the difference operator for the little q-Jacobi polynomials. This hence leads to the little q-Heun operator.
The definition (4.1) has advantages for the algebraic analysis of the q-Heun operators because it separates the parameters of the operator W into two sets: internal parameters a, b, c coming from the big q-Jacobi polynomials and the external parameters τ i , i = 0, 1, . . . , 4 originating from the bilinear combination (4.1).
It is now obvious that the operator W is tridiagonal in the basis of the big q-Jacobi polynomials:
The coefficients ξ n , η n , ζ n can easily be calculated using (3.9) and (4.1)
The inverse property can also be checked. Namely, if W is the most general operator which is 3-diagonal with respect to the big q-Jacobi polynomials, then taking n = 0, 1, 2 we arrive at coefficients A 1 (x), A 2 (x), A 0 (x) having expressions (2.9). This means that the big q-Heun operator has the additional characterization property:
(iv) The operator W is the most general second order difference operator on the exponential grid which is tridiagonal with respect to the big q-Jacobi polynomials P n (x; a, b, c):
There is also the equivalent property which was already mentioned in Section 2:
(ii) The big q-Heun operator is 3-diagonal in the q-Pochhammer basis:
Property (ii) follows directly from formula (4.1). Indeed, the operator X acts on the basis ϕ n (x) as follows:
The operator Y has also simple action in this basis:
with λ n as in (3.7) and with µ n expressed as
Formulas (4.12), (4.13) and (4.1) imply obviously the property (4.10). We thus see that the bilinear Ansatz (4.1) can explain many properties of the q-Heun operator. Finally note that the big q-Jacobi polynomials admit a finite-dimensional restriction when c = q −N −1 with N a positive integer. In this case the argument x takes the finite number of values [11] x s = q and the big q-Jacobi polynomials become the q-Hahn polynomials [11] . The big q-Heun operator (4.2) that results in this instance can then be called the Heun operator of q-Hahn type. This operator acts on the finite grid (4.15). In the limit q → 1, the q-Hahn polynomials become the ordinary Hahn polynomials [11] and the q-Heun operator turns into the Heun operator of Hahn type which acts on the uniform grid x = 0, 1, . . . , N . This operator was introduced and analyzed in [19] . Summing up, we have established that the big q-Heun operator W can be characterized by four equivalent properties (i)-(iv) as in the case of the Heun-Hahn operator [19] .
The Heun-AW algebra and its reduction to the q-Racah algebra
On the one hand, the pair of operators X and Y generates the q-Hahn algebra. On the other hand we have the new q-Heun operator W which can be constructed from the operators X and Y via the bilinear Ansatz (4.1) (tridiagonalization procedure). One can ask whether pair of the operators W and Y realize some algebraic relations similar to those of the Askey-Wilson (AW) algebra. Obviously, in general, the operators Y and W cannot simply yield the AW algebra, because the operator W lies beyond the realm of "classical" operators with known explicit spectra. Nevertheless, it turns out that the operators Y, W still satisfy relatively simple commutation relations which can be checked directly :
In the relations above, the terms with the coefficients r and s i , i = 1, . . . , 7 have structures similar to those of the AW algebra (3.1). The extra-terms with the coefficients e 1 , e 2 , e 3 , e 4 are those that make the algebra with relations (5.1) and (5.2) more general than the AW algebra. The same situation occurs with the ordinary Heun operator, where extra-terms appear with respect to the Racah algebra [6] and similarly also in the case of the Heun-Hahn operator [19] . It is therefore natural to refer to the algebra (5.1) -(5.2), as the Heun-AW algebra of the big q-Jacobi type. The coefficient r has the same expression (3.2) as for the AW algebra. Expressions for the coefficients s i , i = 1, 2, . . . , 10 are rather complicated and we will not present them here; instead, we will concentrate on the extra-terms. The corresponding coefficients are
If all the extra terms vanish, the relations (5.1)-(5.2) become the ordinary relations for the AWalgebra. From (5.3) it is visible that these terms vanish in 4 possible cases:
The case (iii) corresponds to tridiagonalization of the little q-Jacobi polynomials. This situation was considered in details in [1] . It is an exact q-analog of the tridiagonalization of the ordinary hypergeometric operator discussed in [3] . We do not have particular observations for the case (iv). Let us however consider what happens with algebraic Heun operator W in the cases (i) and (ii). For the case (i) we have
Similarly for the case (ii)
In the above formulas v 1 (x) and v 2 (x) are some quadratic polynomials.
Irrespective of the association with the choices (i) and (ii), together the operators W 1 , W 2 and Y possess remarkable (q-) commutation relations. Indeed, with appropriate choices of the parameters τ 0 , τ 1 , τ 3 (they can be different for W 1 and for W 2 ) and by an affine transformation of the operator Y → αY + β, one can reduce the commutation relations of these operators to those of the Z 3 symmetric presentation of the Askey-Wilson algebra [17] 
Bispectrality of Pastro polynomials and q-Heun pencil
The Pastro polynomials were introduced in [14] . They have the following explicit expression
with two arbitrary parameters a and b. The coefficient κ n is needed to make them monic, i.e. to ensure that
). (6.2) In contrast to the ordinary orthogonal polynomials, the Pastro polynomials satisfy the recurrence relation [18] P n+1 (x) + g n P n (x) = x (P n (x) + e n P n−1 (x)) (6.3) with some coefficients g n , e n . Equation (6.3) can be considered as a generalized eigenvalue problem for two bi-diagonal matrices. Polynomials satisfying recurrence relations of the type (6.3) are called biorthogonal polynomials of Laurent type [21] .
The explicit expression (6.1) of the Pastro polynomials is very similar to that of the little qJacobi polynomials [11] (with a slightly different dependence on the number n). Hence one can derive the difference equation of the Pastro polynomials starting from the difference equation of the little q-Jacobi polynomials [11] . Let us provide the results without giving the details of the calculations: the Pastro polynomials satisfy the generalized eigenvalue problem
where L 1 , L 2 are q-difference operators
The eigenvalue has the following simple expression
It is easy to see that both L 1 and L 2 are operators belonging to the little q-Heun family (5.4) and (5.6). Thus the q-Heun operator pencil (L 1 − λ n L 2 )P n (z) = 0 (6.7)
serves as the q-difference equation for the Pastro polynomials. In [19] it was demonstrated that some biorthogonal rational functions satisfy the linear pencil equation (6.7) where L 1 and L 2 both belong to a Heun operator family arising from the Hahn algebra. Moreover, in [12] the ordinary Heun operator is seen to play the crucial role in finding differential equations for some classical biorthogonal rational functions of the Chebyshev type. We thus see that linear pencils of algebraic Heun operators form an important tool in the construction of the difference equations for biorthogonal polynomials or rational functions.
Conclusion
We have constructed a big q-Heun operator which possesses four properties ((i)-(iv)) analogous to those of the ordinary Heun and Heun-Hahn operators.
It was found that the algebra generated by the operators Y, W differs from the Racah algebra by four additional terms. This new algebra reduces to the AW-algebra for four possible specializations of the q-Heun operator which allow the identification of a q-Racah triple.
We have showed also that the linear pencil of two Hahn-Heun operators gives a solution of the difference equation for Pastro biorthogonal polynomials.
It is expected that the generalization of the analysis presented here to operators on the AskeyWilson grid will produce the general q-Heun operator of the Askey-Wilson type. One can reasonably expect that the algebraic Heun operator associated to the AW-algebra will also possess properties analogous to the other characteristics that have been seen to prevail in the cases analyzed so far. One may also think that this will allow the identification with the other operators listed in [16] . We plan to report soon on this.
